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1 Introduction 

There is a huge body of evidence that the AdS/CFT correspondence holds true for strings 
in AdS 5 X 55 and AA = 4 super Yang-Mills theory in 4 dimensions. For instance, the energy 
of spinning and rotating strings matches the anomalous dimension of operators in the 
gauge theory in the range where they can be compared. Integrability on both sides of the 
correspondence also provides further support for the correspondence [1]. It is also important 
to test the correspondence in situations with less supersymmetry where the gauge theories 
have deformed potentials leading to marginally deformed N = 2 or N = 1 supersymmetric 
gauge theories [2, 3]. The gravitational dual of such theories have a deformed five-sphere 
characterized by a real parameter 7 and the dilaton and some RR and NS-NS fields are 
also present [4]. In this situation both sides of the correspondence also have integrable 
structures [5]. Spinning and rotating strings have also been considered in such deformed 
context and they confirm the correspondence whenever they can be compared [5-16]. 

There is a class of string configurations, pulsating strings, which has not received much 
attention since its dual operator is not completely understood. They have been analyzed 
in AdS^ X [17-27], AdS^^ x CP^ [28, 29] and other backgrounds [30-37], and more 
recently they have been studied in the deformed case as well [38] . Since the string presents 
a periodic motion its dynamics can be characterized by its oscillation number. It is not one 
of the string charges but it is quite useful to parametrize its behaviour [23, 38, 39]. At the 
quantum level it is an adiabatic invariant so it provides information about the semi-classical 
regime for higher values of the oscillation number. In [38] we analysed pulsating strings in 
deformed Minkowski spacetime and in deformed AdS^ x for small deformation. We have 
found the classical energy in terms of the oscillation number in the high and low energy 
limits. For high energy we performed the quantization of the highly excited string states 
to second order in perturbation theory and found that the oscillation number has to be 
even. In the low energy case we found a new term proportional to 7 which is not present 
in the classical case. 
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In order to analyse the classical dynamics of the pulsating string we introduced an 
effective potential which captures all relevant information about the deformed background. 
When the string pulsates on the deformed five-sphere its effective potential grows smoothly 
as one of the angles increase from zero to 7r/2 and the oscillation number can be expressed 
in terms of complete elliptic integrals [38]. In the case of deformed Minkowski spacetime 
the string pulsates along the radial direction and the effective potential starts growing 
from the origin until it reaches a maximum value of 771 ^/( 27 ) at = I /7 and then goes 
back to zero far away from the origin (see Fig.l). It is clear that at low energies or small 
deformation the string has a periodic motion that can be quantized perturbatively as done 
in [38]. However, since the potential has a maximum, it is possible for the string to tunnel 
through the potential barrier and the computation of the transition rate for such a process 
is the main goal of this paper. 

Non-perturbative phenomenon like tunnelling may be studied semi-classically using the 
WKB approximation whenever the amplitude or the phase of the wave function is taken 
to be slowly changing. The WKB method has been applied in several situation involving 
strings [40-44] and here it will be used to analyse the behaviour of a pulsating string in 
deformed Minkowski spacetime. 

This paper is organized as follows. In Section 2 the pulsating string in deformed ten¬ 
dimensional Minkowski spacetime will be briefly described. In Section 3 we will use the 
WKB technique to calculate the transition rate for the pulsating string to tunnel through 
the potential. In Section 4 we will analyse the classical stability of the pulsating string and 
show that for small deformation it is stable. We then present some conclusions in the last 
section. 


2 Pulsating Strings in Deformed Minkowski Spacetime 

The energy of a semi-classical pulsating string in ten-dimensional Minkowski spacetime 
and in AdS^ x was computed in terms of its oscillation number in [19] while for the 
case of a deformed Minkowski spacetime and deformed AdS^ x the energy was found 
in [38]. We will briefly review the case of deformed Minkowski spacetime. Lunin and 
Maldacena [4] found a technique to build deformed supergravity backgrounds which have 
a 1/(1) X U{1) global symmetry required by the deformed gauge theory. When applied to 
the ten dimensional Minkowski spacetime it gives the deformed background 

{drf + Qrfdct)}) + 

i=l 

r>-l ii 2/22, 22, 2 2\ 

g =l+j {rir2 + + r2r^) , 

where a four dimensional Minkowski spacetime is left undeformed and the remaining six 
dimensional space with coordinates {ri,(j)i), i = 1,2,3, has a deformation parameter 7 . 
When 7 vanishes we recover the ten dimensional Minkowski spacetime. The dilaton and 


ds'^ = rj^ydx^dx'^ + ^ 
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the B 2 field have non-trivial configurations given by 

B 2 = iQ {r\r\ dipi A d4>2 + #2 A d4>3 + rf r| #1 A # 3 ) , 

e^'*’ = g. 

The parametrization for a pulsating string used in [38] is not convenient to analyse 
stability issues. Instead we will take a string at the origin of Minkowski spacetime with 

t = V2 kt, ri = r2 = r{T), rs = 0, 4>i = 4^2 = ma, (ps = 0, (2.2) 

where m is the string winding number. We then get 

ds^ = —dt^ + 2{dr^ + Gr^d(lP‘), (2.3) 

g~^ = 1 + 7 ^r^. (2.4) 

For this choice there is no coupling of the string to the B 2 field. Then the Nambu-Goto 
action becomes 

S = —m J drry/g (1 — r^), (2.5) 

where we set the string tension equal to one. 

We can then find that the radial canonical momentum 11 and the squared canonical 
Hamiltonian is given by 




+ 


2 2 
m r 

1 + 


We can identify an effective potential 


V^ir) 


2 2 
m r 

1 + ’ 


( 2 . 6 ) 


(2.7) 


which governs the string dynamics. The potential has a maximum at r = l/^/y where its 
value is m4 j{2'y) (see Fig 1) providing a barrier for a pulsating string trapped in the region 
r < 1/^/7 . For a particle of energy < m^/( 27 ) there are two points where its radial 
velocity vanishes 



m 


272^12 



( 2 . 8 ) 


This means that the pulsating string can, in principle, tunnel from r < iii, through the 
classically forbidden region of the potential, and escape to the classically allowed region 
r > R 2 . 

The equation of motion can be integrated in terms of elliptic functions and the energy 
can be found in terms of the oscillation number A/" = ^Iidrl2'K. For more details see [38]. 


- 3 - 








V" 2 (r) 



Figure 1. The effective potential in deformed Minkowski spaeetime 


3 String Tunnelling 


To apply the WKB method we assume that the wave function depends only on r so that 
we can take for the radial part of the Laplacian 


= 


d ,— d 


(3.1) 


where \/—g = is the determinant of the metric. Here we left the number of 

dimensions of the deformed part of the space d arbitrary since we want to consider the 
general situation. For the full ten dimensional case d = 6. Then the Schrodinger equation 
reads 


^ ' d - D ^ rA ' , 4^27^3 ^ 2. 


j.{d 1 ) 

and the WKB ansatz is 




4 ' + = ^ 4 ', 


+ 1 + 


(3.2) 


^WKB^r) = 


■\J 




Ae^ 4/*^ + B e“^ 4/*^ drp{r)'^ ^ 


y^r(^ ^(r)p(r) 


r < Ri, 

, R,<r<R2, 

p (A rR2<^^ A) 


r > R 2 , 


(3.3) 


where A, B, C, D and F are constants and p{r) = — V‘^{r). 

The WKB approximation does not hold in the neighbourhood of r = i2i and r = R 2 
because p{r) vanishes at these points. To avoid this problem we will consider solutions 


~ 4 - 


















of (3.2) around these two points. To this end we introduce coordinates x = Ci{r — Ri), 
i = 1, 2, where Ri stands for Ri or R 2 , and we find that (3.2) reduces to 




where T/j. is the wave function around Ri and 


If we choose 


_ d - 5 / 4 \ 

CiRi \ d — 5 m^R'f j 


2E^ 1-j^Rf 
hmii + j^Rf^ 


(3.4) 


(3.5) 


(3.6) 


we can reduce (3.4) to the Airy equation by the change of variable Tjj. (x) = exp(—ajx/2)xj(x) 
which yields 


X.i 



(3.7) 


Then, near Ri and R 2 we have 


'i>RSx) = e 2 


ai Ai{x + ^) + bi Bi{x + ^) 


(3.8) 


where ai and bi are integration constants and Ai(x) and Bi(x) are the two linearly inde¬ 
pendent Airy functions. 

To match the WKB and the Airy solutions around Ri we must make sure that they 
have the same functional form for large |x|. Around Ri we find that in the WKB solution 
p{r)dr = 2/3^(—x)^/^ for x < 0, while for x > 0, p{r)dr = —2/3/ix^/^. The Airy 
functions go like for x < 0 and cos(2/3(—x)^/^ — 7r/4) and sin(2/3(—x)^/^ — 7r/4) 

for X > 0. Similar expressions hold for the solutions around i? 2 - Matching the solutions 
we find that around Ri we have 


ai 


bi 


A 

B 


4 '— 

I hciRf 


+ i^Ri 

d-l 


1/2 


D, 


\ hciRf-^ J 


1/2 






(3.9) 

(3.10) 

(3.11) 

(3.12) 
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while around R 2 we find 


02 — 2 


h2 = 


(1 + 


02 = e 


62 = -* 02 , 



_ r./A l + YR\ 


where V = |p(r)|dr. We can now compute to find 


(3.13) 

(3.14) 

(3.15) 

(3.16) 


F 

A 


2 



g-2Pin 

(l_ie-2PA)2' 


(3.17) 


Notice that all explicit dependence on d has gone away and only V depends on the dimension 
through the potential V‘^{r). 

To find the tunnelling probability we have to consider the probability current z('I'*V'I'— 
'hVT*) in the deformed Minkowski spacetime (2.1). Taking only the radial component and 
integrating it with the proper measure we find that the square root factors in (3.3) precisely 
cancel out the measure factors so that in the region r < Ri it gives \B\'^ — \A\^. Unitarity 
is then respected since (3.9-3.16) imply that \B'\^ — \A'\^ = \F\‘^. This means that the 
tunnelling amplitude T = is given by (3.17). 

The tunnelling amplitude (3.17) depends only on "P = \ with 

V‘^{r) given by (2.7). This integral is quite complicated but can be performed when the 
deformation is small. To that end we redefine r as r = so that for 7 << 1 we have 


= x/7^1 = V7- , (3.18) 

m \ 2 mr J 

^ m / 1 n \ , , 

fl2 = V7Ji2 = ^(l-27;^). (3.19) 


Notice that R 1 R 2 = 1 and from the condition < 771 ^/( 27 ) we hnd that i?i < 1. Calling 
R = Ri, we find that 


r 


E 


F/R j {I - - R2) 

Jr V 1+^^ 


(3.20) 


We can now split the integral from R to 1/R into two integrals, one from 72 to 1 and the 
other from 1 to 1/72. For the second integral we can again change the integration variable 
f to 1 /f so that 


V 


E r 

y/lR Jr 



' {1 - R^F){F - R'^) 


1 -|- 


r df. 


(3.21) 


- 6 - 
















We can then expand the two factors in the numerator inside the square root and perform 
the integrals. Keeping only the leading terms in 7 we find that 


V 


m 



(3.22) 


so that when the deformation vanishes the transition amplitude also vanishes as expected. 


4 Classical Stability 

As show in the previous Section a pulsating string can tunnel through the potential barrier 
and this naturally rises questions about its classical stability. It is well known that spinning 
strings in anti-de Sitter spaces are classically unstable for large spin [45]. Pulsating strings, 
on the other side, have better stability properties than spinning strings as shown in [46]. 
In the following we will analyse the stability properties of pulsating strings in deformed 
Minkowski spacetime. We will apply the technique developed by Larsen and Frolov [47] 
and we will show that when the deformation is small the classical pulsating string is stable. 

We start with the Polyakov action in curved spacetime regarding the string coordinates 
and the worldsheet metric as independent variables. Following [47] the first variation of 
the Polyakov action gives 


5Sp 




Shab - 2g^,(ax‘' + 


(4.1) 


where Gab = is the induced metric, G = h°'^Gab and are the worldsheet 

coordinates. In order to get the second variation of the action, a general perturbation 5X^ 
is decomposed into normal and tangential components on the worldsheet as 


5X^^ = X%5X^ + nii:5X\ r = 2,... 9, (4.2) 

where (5A“ is the tangential perturbation and 5X’^ is the normal variation. The normal 
vectors are orthonormal to each other and obey 


X^a K = 0. (4.3) 

The non-physical perturbations are then excluded by the choice = 0. We now intro¬ 
duce the second fundamental form blrafe and the normal fundamental form Ursa dehned, 
respectively, as 


^rab — dfJ'i' XaXjj, 

l^rsa — dfiu ^ 


-7 - 







where Va = x'^a'^p, with Vp being the space-time covariant derivative. After these defini¬ 
tions the second variation of the action is found to be 


6^Sp 


+ 2 


^hab 

6x^- 


25X^ ((Jr-sD 


6hcd 

- - 2/l“Vr.a Sfe 




n, 


])6X^ 


(4.5) 


where Rp^Xu is the Riemann tensor. Taking into account that the variation of the internal 
metric is related to the variation of the spacetime coordinates by 

= -^{GShab “ habGcdSKd) , (4.6) 

it can be shown that the second variation of the action is 

d^Sp = -\j X (4.7) 

5X^ " ‘^h^^h^^^abr^cds " X'^^X'^^Rp^Xu K dX\ 


The equation of motion for the perturbation is then given by 


nSXr - 2/l“Vrsa56-5A" - a^rsbSX^ - 

- ^isub + XI^.X^Rp^Xu < = 0. (4.8) 


Now we will particularize the stability analysis to the deformed Minkowski space (2.1) 
using (2.2). The equation of motion for r(r) is 


•2 2 2 2n 

r = K — m r y. 


(4.9) 


For small deformation, 7 ^ <C 1, it reduces to r'^ = k‘^ — m?r‘^ + and it oscillates 

between r = 0 and r = r-, where = k'^/m? + 7 ^A:®/m®. Then the motion is periodic 
with amplitude ^(1 + 27 ^^)- explicit solutions like 


r(r) = 
gimr) 


k 


m 


1 r, k‘^ 




k^ 


— 1 + f 7 ^ sin mr 7 ^^fif(mr) , 




15 1 ■ /n ^ 1 ■ ^ 

=-mr -|- - sm(2mr)-- sm(4mrj, 

16 4 64 


(4.10) 


but they will not be needed for the stability analysis. 

The induced metric is given by Gqo = —Gn = —2m?‘r‘^Q and the orthogonality of the 
normal basis (4.3) requires 


\/2 Kn* — = 0, 

np+nf^=0. (4.11) 
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The choice of the normal vectors satisfying the first constraint in (4.11) demands some 
work. So let us denote our basis vectors as 

, i = 1, 2, 3. (4-12) 

Consider the hrst constraint for the normal vectors of the form 


= (re*,0, 0, 0, , 0, 0, 0, O) , 


(4.13) 


which are choosen to be non trivial for r = 2, 3. Using the constraint and the orthogonality 
condition, we obtain 


[(1 - a^)nl^ - a^n^] + [(1 - a^)n^ - = 0 , 

where a = < 1. The constraint also allow us to rewrite the normalization as 

V 2 K 

(1 - a^) - 2 = 1 . 

Matching the norm of the vectors and using (4.14), we obtain 


= ± 


(1 - a 2 ) 




- 2 a 2 


By setting = —n^ ~ ^ finally find 


mrg U’V 2 ’ v/ 2 ’° 

ns = (0, 0, 0, 0, 0, 0, 0, 0), 

n4 = (0, 1, 0, 0, 0, 0, 0, 0, 0, 0), 

ns = (0, 0, 1, 0, 0, 0, 0, 0, 0, 0), 

uq = ( 0 , 0 , 0 , 1 , 0 , 0 , 0 , 0 , 0 , 0 ), 

nr = (0, 0, 0, 0, 0, 0, 1, 0, 0, 0), 

ns = ( 0 , 0 , 0 , 0 , 0 , 0 , 0 , 


y'{r'i+rj)g' Vir'i+r'i)g 


, 0 ), 


ng = (0, 0, 0, 0, 0, 0, 0, 0, 0, —). 

rs 


(4.14) 


(4.15) 


(4.16) 


(4.17) 


We notice that there are only seven basis vectors since we gauge fixed three coordinates t, 
(/>! and (/) 2 . 

The fundamental forms can now be found. Using the ansatz (2.2) we get 


fJ-rsO — 0 , 

Hr si = mrg[np{nl^ - - ''^r^)]) 

f^rOl — 0 ) 

llr-11 = + nl^)rg‘^{l - y^r*^), 

f^roo = 3(n);i + nr^)f. (4.18) 
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Using the expressions for the basis vectors (4.17) and that r = rn?rQ{l — 2Q) we obtain 
the non vanishing components 


1^381 — f^200 — 3112115 II 211 — nTn\/‘^G (1 — 2^). 


(4.19) 


In order to calculate the curvature term in the equations of motion for the perturbations 
(4.8) we use the ansatz (2.2) to find the non-vanishing components of the curvature tensor 


-Rri<^ir20i ^r\4>2r24'2 ^r2<l>2r2<j>2 ^ ^ ) 

Rri(j>2r\4i2 ~ -^r2<i>ir20i = 7^ (l — 2r7 )^ , 

^r-i<pir3(f>i -^r’3<^2»’302 ^r3(f>ir3<j)2 ^ f G i 


The curvature dependent terms then become 


lab ' 




J^{l-Qg) 6 X 2 , r = 2 

— 7 ^r^^(l — 6 G)SX 3 , r = 3 

^[rH8-G)-2K^G]6Xs,r = 8 

[0, r = 4, 5, 6, 7, 9. 


Finally, we have to take into account the Kalb-Ramond term 


Sb = -VxI 


(4.20) 


(4.21) 


(4.22) 


Its second variation gives 

= 27 (3 + 6X^^'^(5X‘I>^ - 


Using 

{dX''^ + SX^^^ (^6X^^ - + nl^yX2 + (r 

we find the final form for the equations of motion for the perturbations 


.‘Pl r,^2 


(4.23) 


,5X8, 

(4.24) 


^ + ^\^G{1 - GG)) SX3 = 0, (4.25) 

(° ■ ^ 47^"^ (Sg - 5) JXs = 0, (4.26) 

G)r^ - 2 k^G] ) ,5X8 + 4-fKrG { 8 G - 5) , 5 X 2 = 0, (4.27) 

□ 5X^ = 0, r = 4, 5, 6, 7, 9. (4.28) 


Eq.(4.28) shows that for r = 4, 5, 6, 7, and 9 the perturbations are stable so that we have 
to consider only r = 2, 3 and 8. 
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From now on we will analyse the stability for small deformation 7 < < 1. Keeping only 
the leading terms in 7 the equations for the perturbations reduce to 

^ - 57 ^ 2 ) 5 X 3 = 0, (4.29) 

/ 5^2 1 \ 

(□ - ^) iXg + I 27 K r SX-i = 0. (4.31) 


We can now expand 5Xi as 


5X,= Y, e*"'^F,(r), 


and use □ = 2 ^{-dl + dl) to get 

+ 107 ^m^r^^ F 3 = 0 , 


/ (f 1 




+ ^ ] F 2 — 2A'jK,m? rFg = 0, 


\ dr'^ 2 

) Fg — 2 A'^k.w? f F 2 = 0 . 


(4.32) 


(4.33) 

(4.34) 

(4.35) 


In these equations r is the unperturbed solution to (4.9) which is a periodic function of r. 
Then, by the Sturm theorem, F 3 oscillates for large r so that the perturbation < 5 X 3 is stable. 
We can handle F 2 and Fg by expanding then in 7 as F 2 = 1/2 + 7 K 2 and Fg = Us + 'yVg to 
get 


1 1 rr 

1^2 = 0 , 

^ ) C/s = 0 , 

^ ] V 2 — 24Km^ rUg = 0 , 


dr 2 

d^ 

dr 2 


2 U 


+ ) Vg ~ 2AKrn^ rU2 = 0. 


(4.36) 

(4.37) 

(4.38) 

(4.39) 


Then U 2 and Ug are oscillatory for large r. In (4.38) the homogeneous solution for V 2 is 
also oscillatory for large r as is the non-homogeneous term unless Ug has some resonance 
frequency. This will happens whenever or but because this 

values of r can not be reached so that there is no resonance. The same result holds for 
Vg so the perturbations 6 X 2 and 5Xg are also stable. For arbitrary values of 7 (4.25) still 
shows that 5Xg is oscillatory but (4.26) and (4.27) could not be decoupled. 


5 Conclusions 

We have applied the WKB method to compute the tunnelling amplitude for an oscillating 
string in deformed Minkowski spacetime. As expected it is proportional to the string 
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energy and vanishes when the deformation goes to zero. We have also shown that for small 
deformation the classical pulsating string is stable. It is known that pulsating strings in 
AdS ^ X are dual to operators composed of non-holomorphic products of scalar fields 
[20, 23, 48, 49], but the theory corresponding to the deformed Minkowski spacetime is not 
known. Since the string tunnelling represents an instability of the system it would be very 
interesting to find out what happens on the other side of the correspondence. 
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